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ABSTRACT: Mathematical expressions for the scattering intensity of polymer solutions and of polymer 
blends are reviewed from both thermodynamic and mean-field points of view. A simple and general equa- 
tion has been obtained that is equivalent to the classical Zimm equation. If one introduces the matrix [SI 
of the partial structure factors S,, the matrix [XI of the form factors and concentrations, and the matrix 
[VI of the excluded volume parameters one can write quite generally [SI-' = [XI-' + [VI. This expression 
is valid for solutions of any copolymer and homopolymer mixtures, regardless of their structures, and can 
be easily transformed into expressions valid for polymer and copolymer blends. As an example, a formula 
has been developed (with the help of a computer program) for systems of polymers and copolymers con- 
taining three different types of monomers. This method allows us easily to obtain previous results and to 
predict new experimental possibilities. 

Introduction 

In recent years there has been extensive use of the ran- 
dom phase approximation (RPA) for studying various mix- 
tures of homopolymers and copolymers in solution and 
in bulk.'-' These theories have been used to interpret 
results obtained by neutron scattering on mixtures of 
homopolymers and copolymers2*' in bulk and by light 
scattering on mixtures of homopolymers in s ~ l u t i o n . ~  The 
purpose of the present paper is to show that regardless 
of the number of constituents, it is possible to derive a 
general formula giving the scattered intensity at any angle 
B or value of the parameter q (=(4?r/X) sin (8/2), where 
X is the wavelength of the incident radiation). At q = 0, 
one recovers the classical results of the thermodynamics 
of multicomponent systems. In order to  obtain these 
results we shall use the Ornstein-Zernike theory, which 
is equivalent to the RPA developed initially by de 
Gennes' or the method used by Olvera de la Cruz and 
S a n c h e ~ . ~  It should be pointed out that this theory, using 
a "mean-field" approximation, is unable to give a rigor- 
ous descripton of the scattering intensity when fluctua- 
tions are important. The theory, with the aforemen- 
tioned restriction, is very useful for the interpretation of 
scattering data by experimentalists. More precise theo- 
ries are certainly needed, but the present results will be 
kept as a basis for semiquantitative interpretation, just 
as the theory of regular solutions is very helpful to under- 
stand real solutions. In the first part of this paper, the 
results of the classical statistical theory of scattering by 
an incompressible multicomponent system at zero scat- 
tering angle (q  = 0) will be briefly summarized and rewrit- 
ten, in the frame of the classical Flory-Huggins theory, 
in a matrix form that is a generalization of the Einstein 
equation. In the second and the third parts, this matrix 
formulation will be extended to  the case of polymer and 
copolymer solutions by using the Ornstein-Zernike equa- 
tion. This shows that the scattering intensity can be writ- 
ten for any value of q and concentration in a compact 
form that corresponds to the matrix formulation of the 
Zimm equation. The results can be extended easily to 
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polymers and copolymers in bulk. The last sections will 
be devoted to the study of the effect of polydispersity, 
and explicit results wily be given in the case of three- 
and four-component systems. 

I. Statistical Theory of Scattering by a 
Multicomponent System: Results in the 
Thermodynamic Limit at Zero Scattering Angle 

nent system by the well-known Einstein" equation: 
The scattering a t  zero angle is given for a one-compo- 

where (AN)2 is the mean square of the fluctuations of 
the number of molecules N in the scattering volume V 
and a the scattering amplitude by a single molecule. In 
electromagnetic scattering, a is proportional to the dipole 
induced by the unit electric field. In order to avoid the 
use of cumbersome normalization factors that are dis- 
cussed in many review articles," we shall call a the polar- 
izability of the molecules or the coherent scattering length 
and leave out normalization factors. If one deals with 
an incompressible mult i~omponent l~* '~ system the gen- 
eralization of this formula is straightforward. The scat- 
tering intensity is 

I (0)  = kaiajzizjANiANj = NT2aiajSij(0) (2) 
ij=1 ij=1 

This formula corresponds to the intensity scattered by a 
system containing p different polymers in a solvent (1 I 
i I p ,  1 I j 5 p ) .  NT is the ratio of the scattering vol- 
ume V to the volume of one solvent molecule uo: 

NT = V / V ~  (3) 
The quantities zi are the ratio between the volume of 
one polymer molecule in the solvent to the volume of 
one solvent molecule; it is a kind of "degree of polymer- 
ization" 

The iij are defined in terms of the difference between 
the scattering by one monomer and the scattering by the 
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solvent: 

Macromolecules, Vol. 23, No. 5,  1990 

of temperature only: 

ai = (:) - a o  (5) 

The average value 

miflj = NTSij(0) 
is taken at  constant NT, temperature, and volume. Here 
S,,(O) is the value a t  q = 0 of the partial structure factor 
for the couple ( i j )  defined at  any q by 

NTSij(q) = ]-ANi(0)ANj(r) exp(4q.r) d3r (6) 

In order to evaluate the Sij(0) one writes the free energy 
of mixing AG as 

V 

introducing Ag, the free energy of mixing per volume of 
a solvent molecule, &, the volume fraction of the poly- 
mer species i, and the exchange chemical potential & 

Using the theory of fluctuations in a grand canonical 
en~emble , '~  one obtains the well-known result: 

where i and j vary from 1 to p .  
The evaluation of the quantities a4ji/a& is done by the 

following method: one writes the p linear equations (1 5 
i 5 p ) :  

This system can be written in_a matrix form. One intro- 
duces the column vectors [dp] and [dvl-and the p X-p 
square matrix [HI whose elements are dpi, d&, and api/ 
d4j, respectively. Since 

aij/a4j = = a2&/a4ia4, (10) 

[ail = [ H l [ d ~ l  (11) 

[HI-'[dil = [dvl (12) 

the matrix [HI is symmetric and eq 9 can be written as 

Multiplying both sides on the left by [HI-' leads to 

This gives the solution of the problem: 

[SI = kT[H]-' (13) 
To proceed further, one needs an expression for the free 
energy of mixing &. We use the following equation: 

If the interaction parameters xii are constant, this equa- 
tion is the classical Fl~ry-Huggins'~ equation for p con- 
stituents. The calculation when the x's depend on $i is 
tedious; we give the results when the x i i s  are functions 

(For this calculation r # ~ ~  has to be replaced by 1 - 
Cy'14i.) If the x's depend on composition it is always 
possible by a new definition of the x's to recover formu- 
las 15 and 16.16 It  is a common practice to introduce the 
excluded volume parameters uij, which in the framework 
of the classical polymer solutions theory, are defined as 

, 
1 u . .  = -- (x.  + x .  - x..) 

10 j o  1, 
4 0  

Using these quantities, one obtains for the matrix [HI in 
the case where p = 3: 

+ u11 u12 

2242 [HI = kT 

+ u33 ,7343 
The matrix [SI, which allows the calculation of the scat- 
tering intensity, is obtained from eq 13. The generaliza- 
tion of this matrix to any value of p is obvious. 

I t  is possible to give to eq 19, and for the intensity of 
the scattered radiation, a more familiar aspect by writ- 
ing: [HI = k q [ l / z p ]  + [v]l calling [VI the matrix uij and 
[ l lzp]  the diagonal matrix with elements ( z ~ $ ~ ) - ' .  This 
last matrix can also be written as [zpl-l and one writes 

(19') 
This is the generalization to a multicomponent system 
of the classical form due to Debye," which has been estab- 
lished for one polymer in one solvent and can be written 
as 

[SI-' = [zpl-' + [VI 

with 

It  is easy to show, starting from eq 1, that if the system 
is compressible and if Ag does not depend on pressure, 
one can take into account the effect of compressibility 
by subtracting from the total scattering the scattering 
due to density fluctuations in the medium. 

11. Scattering at Any Angle: Application of t he  
Ornstein-Zernike Method'' 

(a) Polymer-Solvent Mixtures. One can write for 
the scattering intensity of a solution made of N identi- 
cal particles (small compared to A): 

(21) 
where q is the scattering vector (its modulus is (4a/X) 
sin (O/Z)). r12 is the vector joining molecules 1 and 2. 
When one evaluates the average value, denoted by the 

I ( q )  = a2[N + ~ ( e x p ( - i q r 1 2 ) ) ]  
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Figure 1. Illustration of the single contact approximation. 

symbol ( ), one obtains 

I ( q )  = ci2N(1 - [l - g(r)](exp(-iqr)) d3r) 

I ( q )  = aZN(1 - Nv) (22) 
where the quantity J[l - g(r)]  exp(-iqr) d3r, which has 
been called the excluded volume parameter u and has 
been defined in eq 17 and 18 for multicomponent sys- 
tems, represents the interaction between two molecules 
(due to the short range of the intermolecular forces, it 
will be considered as independent of 4). Ornstein and 
Zernike (OZ) have established a general equation con- 
necting the direct interaction to what has been called 
the total interaction h 

-V h = - v - N v h  or h=- 1 + N v  
and proposed to replace in eq 22 the direct interaction 
-v by the total interaction h. This gives 

Na2 
- = l + N v  (24) 
I ( q )  

At low concentration (Nu small compared to unity) eq 
22 and 24 are identical. The generalization of eq 24 to 
polymers has been made by Zimmlg using what has been 
called the single-contact approximation. The interac- 
tion between molecules 1 and 2 (see diagram) can be con- 
sidered as the sum of interactions between all monomers 
of molecules 1 and 2. To illustrate this approximation 
in a simple case, we consider the diagram in Figure 1. 
This allows one to write: 

Nz2P(q)  - C(4) (25) 
where, with the help of the diagram, one  obtain^'^**^ 

c(g) = -vPz~P(~) (26) 
P(q)  is the form factor of the molecules, i.e., the quan- 
tity 

where the points i and j belong to the same molecule. In 
order to apply the OZ equation (23) to this problem, we 
shall use the diagram in Figure 2. Equation 23 means 
that the total interaction (which can be called H ( q )  = 
- ~ N * z ~ P * ( ~ ) )  between i and j is made of two terms (see 
Figure 2): a direct interaction (equal to -v) between chains 
1 and 2 (horizontal line joining i and j )  plus the product 
of a total interaction H ( q )  between 1 and r (path i-i’-k- 
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Figure 2. Illustration of the OZ equation for polymers. 

k’) by the direct interaction between r and 2 (path k’- 
j ’-j). When these terms are written one obtains 

H ( q )  = -vPz~P(~) - vH(q)zvz2P(q) (28) 
replacing -V by C(q) and h by H ( q ) ,  eq 23 becomes 

This is the familiar Zimm equation, but now valid for 
any value of v since it depends on concentration (but 
not on 4). By use of the intensity i (q )  and the excluded 
parameter u per cell of the lattice or per volume of a sol- 
vent molecule 

transforms (29) into 

(29’) 

where 4 is the volume fract ion of polymer in the solu- 
tion. 

(b) Different Polymers i n  a Solvent. If one assumes 
the presence of p different species of polymers in the 
solution, one has to use eq 2, generalized to take the vari- 
able q into account, and write 

SJq) is made to two terms due to intramolecular and 
intermolecular contributions. One writes 

Sii(q) = x i i ( q )  + Hii(q) if i = j 
Sij(q) = Hij(q) if i f j (32) 

where 

xii = @iziPi(q) 
characterizes the species i of “degree of polymerization” 
zi, volume fraction &, and form factor Pi(q). Hij(q)  con- 
tains all the interferences between macromolecu1es.i and 
j .  For one polymer, the OZ equation was written (eq 28) 
as 

H,,(q) = -Ullx1l2 - ~ l l ~ l l ~ l l ( ~ )  

H,,(q) = -ullx112 - U l 1 ” l l ~ , , ( q )  - U12XllH,,(Q) 

For two polymers, one writes 

(33) 
This result is easily explained by using Figure 3, where 
the two possible interaction cases are represented. The 
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1 1 1 1 2 1  

Figure 3. Illustration of the OZ equation for two polymers 
species. 

same argument applies for H12: 

H12(q) = -u123111x22 - ~ 1 2 ~ 2 2 ~ 1 1 ( q )  - u,,x,,H,,(q) (34) 

Sll(1 + X l l U I 1 )  + S 1 2 X l l ~ 1 2  = x11 

SI20 + x22u22) + S 2 2 X 2 2 U l 2  = 0 

This gives in terms of Si, and by application of eq 32: 

(35) 
The two other equations are obtained by exchanging the 
indices 1 and 2. 

It is easy to generalize these equations to the case where 
one has an arbitrary number p of constituents. One obtains 

Hi,(q) = -u;jxi;x,j - 2 u;kX;;Hkj(q) (36) 

If one uses the S ,  instead of the H,, one obtains the fol- 
lowing equations where we have made explicit the dif- 
ference between the case where i = j and i # 8: 

k = l  

k # j  

The determination of Sy requires the solution of this set 
of linear equations. This will be done as before by using 
matrix algebra. One defines the square matrix [SI by 
its elements S,, the square matrix [ V I  is defined by the 
uj,, and the diagonal matrix [ X I  made of x i i .  I t  is easy to 
verify that eq 37 can be simply written as 

ISl([lI + [vl[xl) = [XI  

or by simple arithmetic 

[SI-' = [XI-' + [VI (38) 

One recovers the classical Zimm equation in matrix form 
as well as the thermodynamical result eq 19' in the q = 
0 limit. This is very simple and remarkable since it uni- 
fies the results obtained by different methods. 

( c )  The Case of Copolymers of Arbitrary Archi- 
tecture. In this last part it will be shown that eq 38 can 
be extended to copolymers of any architecture by a cor- 
rect definition of the matrix [XI. Let us assume that we 
have for instance a copolymer made of three different 
monomers, 1, 2, and 3. This introduces six form factors 
Pll(q), P z Z ( q ) ,  and P33(q)  and the cross terms P12(q ) ,  
P23(q) ,  and P13(q) and, therefore, six quantities x l ,  lead- 
ing to a 3 x 3 matrix. Using the volume fractions of part 

a b 
Figure 4. Illustration of the OZ equation for a two- 
component copolymer. 
i of the copolymer (f, = t l / z ,  z = E;=, z J ,  one obtains for 
X I J  

One has first to evaluate the quantities C,(q) correspond- 
ing to the dilute solution term. This has been done21 
and we just recall the results for a two-component copol- 
ymer: 

X,] = dJZ2ff,Pl,(S) (39) 

2 
Cll(4) = -Ullx1l2 - 2 ~ 1 2 ~ 1 1 ~ 1 2  - U22Xll  

C12(4) = - u 1 1 ~ 1 1 ~ 2 2  - u 1 2 ( ~ , 1 ~ 2 2  + xi;) - ~ 2 2 x 1 2 ~ 2 2  (40) 
In order to evaluate the H's one may use Figure 4 corre- 
sponding to the interaction 1-1 for a two-component copol- 
ymer. There are four cases: two on diagram a and two 
on b. Summing them gives 

Hi1 = Cii - Hii(ulix11 + U12x12) - H12(~12x11 + ~ 2 2 x 1 2 )  (41) 
One replaces now the H ' s  by the S's remembering that, 
even for i # j ,  one has 

SI, = XL, + HI, (42) 

(43) 

(43') 
Two equivalent equations can be obtained by exchang- 
ing the indices 1 and 2. The solution of these equations 
will make use of the properties of matrices [ S , ] ,  [ u , ] ,  
and [x,,]. [ 11 is the diagonal unit matrix. This gives 

[Sl([lI + [vl[xl) = [XI (44) 

[SI-' = [XI-' + [VI 

and using eq 41, one obtains 

Sl lU + U l l X l l  + 012x12) + ~ 1 2 ( ~ 1 2 ~ 1 1  + 022x12) = x11 

SlZ(1 + u22x22 + 42x12) + S l l ( U 1 2 X 2 2  + UllX12) = 3112 

The same calculation can be made for S12: 

which can also be written as 

(44') 
This shows that the Zimm equation is quite general and 
gives a simple way to remember formulas that, if writ- 
ten explicitly, could be very lengthy. To end this para- 
graph we stress the fact that eq 44' is quite general and 
can be used for copolymers of any architecture. The dia- 
grams used do not mean that the results are restricted 
to linear block copolymers only. 

(d) Applications to Polymers in Bulk. All these 
equations have been obtained for solutions. It would be 
interesting to derive similar formulas for copolymers in 
bulk. (Until now we have had no success writing this 
limit in a simple matrix form.) Nevertheless it is possi- 
ble to eliminate the solvent in two different ways. 

(i) One can decrease the solvent concentration toward 
zero. This concentration appears only in the parame- 
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position and structure. 

111. Application to Mixtures Made of Three 
Types of Monomers 

(a) In a Solvent (Either Low Molecular Weight 
Compound or Homopolymer). One needs only to let 
p = 3 in eq 44 and write it in a form that can be used for 
practical purposes. This has been done with the help of 
a computer program (program MAPLE on the I.N.R.I.A. 
computer, in Sofia Antipolis, France). We shall give the 
final result with the notations used before. Let us first 
recall that the quantities x i j  and Sij are functions of q 
and that ui,, x i j ,  and Si, do not change when on exchanges 
the indices (Sij = Sji, x i j  = xj i ,  ui.  = uji). Moreover, because 
the formulas are lengthy, we have introduced the sym- 
bol C with the following meaning. Circular symmetry 
requires that, to each term containing a combination of 
the indices 1 , 2 ,  and 3 must correspond another term con- 
taining the combinations 2,3,1 and 3,1,2. Therefore we 
define 

Cf(1,2,3) = f(1,2,3) + f(2,3,1) + f(3,1,2) (49) 

S , .  $1 = s . , /D 11 (50) 
where D is the determinant of the matrix [l] + [v][x] 
(eq 44). The result is 

D = 1 + C[xiiU11+ 2x12~12 + ( ~ 1 1 x 2 2  - xi,2)(uiiuzz - ~ 1 2 ' )  + 

The structure factors are written in the form 

2(x12x13 - Xllx23)(ul lu23 - u12U13) l  + [xllx22x33 + 
2x12x23x31 - %3x122)1 [uiiu22u33 + 2u12u!23u31 - C(U~~UI,~)I 

(51) 
One remarks that the the last two expressions in brack- 
ets are the determinents of the matrices [XI  and [VI, which 
will be called Det x and Det v. 

s11 = x11 + (x11x22 - x1;)u22 + (xllx33 - x1;)u33 + 2(x11x23 - 

X12x13)u23 + (UZZu33 - u232) Det x 

512 = x12 - (xllx22 - x122)u12 + (x12x13 - xllx23)u13 + (x12x23 - 

X22x13)u23 + (x12x33 - x13x23)u33 + ('13u23 - u12u33) Det 
(52) 

Because of the circular symmetry, we do not have to write 
all the S ,  terms. The knowledge of sI1 and s12 is suffi- 
cient for obtaining the other S's. All the cases that have 
been studied in detail so far',2,9,22 can be obtained from 
these results by making the necessary substitutions and 
simplifications. 

(b) Ternary Copolymers in the Bulk. The major- 
ity of experiments that can be interpreted by these for- 
mulas are made by neutron scattering in bulk. There- 
fore, it is useful to obtain explicitly the limits of the pre- 
vious results when the volume fraction of solvent goes to 
zero. This has been done with the help of the same 
MAPLE program. The scattering intensity depends only 
on three independent structure factors: 

ters utI as an additional term l/$o (eq 18). Its elimina- 
tion is not instantaneous since both numerator and denom- 
inator go to infinity but, nevertheless, it can be done, 
since the physics requires the existence of a signal linear 
in do. What is also required is that all parameters like 
x L r  and xto cancel out; the only parameters left are the 
xV (with i # j ) .  Using this technique, one loses one con- 
stituent (the solvent) going from p + 1 t o p  constituents. 
This means that the number of Sil(q) required to describe 
the system goes from p ( p  + 1) /2  to p(p - 1)/2. 

(ii) One can also replace the solvent by a polymer. A t  
q = 0 this is evident, but in this case the "degree of poly- 
merizationn, z, looses its meaning (see eq 4). This fact 
has to be taken into account in the definition of the inter- 
action parameters x. A t  q # 0, one is tempted to  replace 
$azo by @ozOpo(q). It  will be shown later that this is cor- 
rect in all cases. 

(e) Remarks Concerning Polydispersity. Since in 
all results that have been discussed previously the molec- 
ular characteristics of the samples were described by the 
quantities x t I ,  the only effect of polydispersity is to mod- 
ify their values. Assuming a distribution of degrees of 
polymerization and form factors we have to introduce 
the following quantities: 

(45) 

and 

Averages are taken over all polymers containing the spe- 
cies 1 or the couple 1-2. These averages are difficult to 
interpret and one prefers to write 

(47) 
where q1 is the volume fraction occupied by the constit- 
uent and z lw  its weight-average "degree of polymeriza- 
tion". Similarly 

(x12) = @Jl2Zw(f l f2 )  (P,,(q)) 
with 

where is the volume fraction occupied by the copol- 
ymer components 1 and 2. These results can be useful 
for experimentalists, but they are interesting only when 
one deals with a concrete problem. Another more inter- 
esting aspect of polydispersity is the following: the above 
equations are written for any value of the polydispersity 
of the sample. If, for instance, the molecules of struc- 
ture i are such that f k i  = 0 for 1 5 k I p ,  except k = m, 
then this copolymer i reduces to a homopolymer made 
only of monomers m. Furthermore, if f m i  and fni are both 
different from zero, this component is a copolymer con- 
taining only the monomers m and n. Since all these cases 
are taken into account in the definitions of x i j ,  eq 44 
describes any mixture containing p types of monomers 
distributed among homo- and copolymers of arbitrary com- 

(54) 

where Do and si0 are the leading terms in the expansions 
of D and sjk (j # k )  as a function of l /& when & goes 
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to zero. The results are 

Do = C[xl1 + 2x12 - 2((~11X22 - X 1 2 ~ ) X 1 2  + (x11x23 - 

"12x13)(x13 + XI2  - x23)11 - Det 2 
c(x12 - 2x12x23) 

and 

S , : ( q )  = - xllx22 + x13(x12 - x22) + x23(x12 - x11) + 
x33x12 - x13x23 + Det x [XI3 + x23 - x121 (55) 

For reasons of symmetry, s,O(q) and s:(q) can be obtained 
by rotation of indices as explained earlier. In this case 
the comparison with known results is easier, since there 
are already a number of examples in the literature. The 
first one that will be considered is a mixture of homopoly- 
mers (all the xii for i # j are zero). For two homopoly- 
mers one obtains the de Gennes formula.' For three 
homopolymers eq 55 gives 

Macromolecules, Vol. 23, No. 5 ,  1990 

In these expressions, z is, as before, the degree of poly- 
merization in volume of one branch of the star and b the 
lenngth of the statistical element. Putting these values 
into eq 55 gives 

i ( q )  = [C(al - a2)2{(x - y ) ( x  + 2 ~ )  - 

(x - YI2(X + ~Y)CX1X211/[3(~ + 2Y) - 2(x - Y)(X + 
Y)CXI~  + (x - y)yCx1- (x - Y ) ~ ( x  + ~ Y ) C X ~ X ~ ]  (60) 

The xi's have been defined in eq 56". 
This formula is rather simple. It shows that the shape 

of the scattering intensity ( i (q )  versus q )  does not depend 
on the relative magnitude of the scattering lengths ai. 
The interactions affect i ( q )  only through the symmetric 
combinations Cxl,  Cx12, and Cx1x2. Even if two of the 
branches are highly incompatible, the system will remain 
in one phase if the third constituent is sufficiently com- 
patible with the others. One will always see only one 
maximum as a function of q since the quantity respon- 
sible for its formation is x - y .  The position of this max- 
imum will probably be insensitive to the relative values 
of the x parameters. It is interesting to see that if one 
adds an equal amount of three homopolymers of the spe- 
cies 1, 2, and 3 nothing will be changed, except the def- 
initions of the quantities x. These results are very sim- 
ilar to those reported by Ijichi and Hashimoto.22 The 
advantage of our procedure is that as soon as you know 
the system, the general formula eq 44 can be applied, 
and with standard algebra the desired results are obtained. 

This expression can be written in a simpler manner: 

where 

K 1 1  = x - x1 with x1 = x12 + xi3 - ~ 2 3  (56") 
For copolymer 1-2 one recovers Leibler's result.495 For 
a mixture of copolymer 1-2 and homopolymer 3, one 
obtains from eq 55 

with 
x2 + x12 

"11x22 - x12 
K ,  = 2 - X I  

x1+ x12 
x11x22 - x12 

K', = 2 - x2 

This result has already been obtained, transforming the 
solvent into a polymer and starting from eqs 51 and 52 
written for only two species.2 All the cases studied by 
Sanchez and Olvera de la Cruzg for star and graft poly- 
mers and by Ijichi and Hashimoto2' are special cases of 
our general equation. As an example, let us consider the 
case of a star copolymer made of three branches of equal 
length and different natures. Only two form factors are 
needed: the first one is the structure factor of one branch, 
which will be called P(q) ,  the second one is the cross term 
between two branches, called Q(q) .  If the chains are Gaus- 
sian, P ( q )  and Q(q)  are given by 

All the x i i  are equal and given by 

Conclusion 

We describe in this paper the derivation of a simple 
and general equation for the scattering intensity of mix- 
tures of polymers and copolymers in the presence of a 
solvent. This equation is based on the Ornstein and 
Zernike approximation, which is equivalent to other mean- 
field approximations. The interesting fact is that when 
written in a matrix form, this equation reduces to the 
classical Zimm formula for a one-component system. 
Moreover, a t  q = 0, it becomes the well-known thermo- 
dynamic equation for multicomponent systems. Despite 
the fact these results have been derived for solutions, we 
have shown that these formulas can be applied as well 
to pure polymers melts. The advantage of this equation 
is that it provides a universal description of polymer sys- 
tems, regardless of architecture, composition, and con- 
centration of the macromolecules. In the last part of the 
paper we give an explicit equation for the intensity scat- 
tered by homo- and copolymers containing three differ- 
ent kinds of monomers, in solution as well as in bulk. In 
order to illustrate how these formulas can be used, we 
have considered the case of a star polymer with three 
branches of equal length, each of them made with a dif- 
ferent monomer. A t  first sight, the introduction of sys- 
tems having more than two monomer constituents looks 
like a pure mathematical exercise: we belive that this is 
not the case. For example, a very simple case (which is 
of general interest) is the problem of the conformation 
of the two-block copolymer 1-2 mixed with homopoly- 
mer 1. The classical procedure to determine the confor- 
mation of a block copolymer is to use a mixture of deu- 
terated and nondeuterated monomers, which we will call 
1D and 1H. If, as has been strongly stressed by Bates,23 
one cannot neglect the x interaction existing between D 
and H, eq 44 provides the appropriate theoretical basis 
for interpreting the experiments. More complicated sys- 
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tems are blocky terpolymers and even more complicated 
copolymers, which are extensively used in industry. These 
polymers or polymer mixtures can, if the blocks are suf- 
ficiently long, exhibit mesophase structures. Classical ther- 
modynamics can predict only the behavior of these sys- 
tems a t  q = 0. D = 0 or Do = 0 gives a generalized spin- 
odal (function of q and volume fractions), which can be 
useful for the prediction of the appearance of such 
mesophases. 
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ABSTRACT Equilibrium swelling curves of copolymer gels of N-isopropylacrylamide and a photosensi- 
tive molecule, bis(4-(dimethylamino)phenyl)(4-~inylphenyl)methyl leucocyanide, were determined as a func- 
tion of temperature under ultraviolet irradiation. Without ultraviolet irradiation the gels underwent a 
sharp, yet continuous, volume change, whereas upon ultraviolet irradiation they showed a discontinuous 
volume phase transition. For fixed appropriate temperatures, the gels discontinuously swelled in response 
to irradiation of ultraviolet light and shrank when the light was removed. The phenomena were caused by 
osmotic pressure of cyanide ions created by ultraviolet irradiation. 

Introduction chanical transducers, switches, display units, memories, 

Recently phase transitions and critical phenomena in 
polymer gels have attracted much attention because of 
their scientific interest and technological importance. Phase 
transitions accompanied by a reversible, discontinuous 
volume change as large as several hundred times, in 
response to infinitesimal changes in the environment con- 
dition, have been observed universally in various gels made 
of synthetic and natural polymers.'-' Variables that are 
known to induce a phase transition are temperature, sol- 
vent composition, pH, ionic composition, and small elec- 
tric field.' Those findings have opened up a wide vari- 
ety of possible applications of gels as sensors, chemome- 

' Massachusetts Institute of Technology. * Kyushu University. 
6 Permanent address: Kao Corporation, Wakayama Research Lab- 

oratory, 1334 Minato, Wakayama 640, Japan. 

controllable drug delivery systems, and selective 
pumps.' For some of the applications, it will be clearly 
desirable if such a phase transition can be controlled by 
using light. The imposition of light can be done instantly, 
which is in contrast to other variables. For example, the 
temperature jump is limited by the thermal diffusion, 
and the pH change by ion diffusion. The electric field 
induced phase transition is also limited by the accompa- 
nying ion diffusion. 

Recently, Irie and Kungwatchakun" reported a syn- 
thesis of photosensitive gels by incorporating photosen- 
sitive molecules, such as leucocyanide and leucohydrox- 
ide, into the gel network. These gels underwent volume 
changes upon irradiation and removal of ultraviolet light. 
However, a phase transition has not been observed in 
these synthetic gels because the condition at  which the 
irradiation took place was far from the phase transition 
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